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Abstract
It is conjectured by Erdo˝s, Graham and Spencer that if 1 ≤ a1 ≤ a2 ≤ · · · ≤ as are integers with
∑s
i=1 1/ai < n − 1/30, then
this sum can be decomposed into n parts so that all partial sums are ≤ 1. This is not true for∑si=1 1/ai = n − 1/30 as shown by
a1 = · · · = an−2 = 1, an−1 = 2, an = an+1 = 3, an+2 = · · · = an+5 = 5. In 1997 Sandor proved that Erdo˝s–Graham–Spencer
conjecture is true for
∑s
i=1 1/ai ≤ n − 1/2. Recently, Chen proved that the conjecture is true for
∑s
i=1 1/ai ≤ n − 1/3. In this
paper, we prove that Erdo˝s–Graham–Spencer conjecture is true for
∑s
i=1 1/ai ≤ n − 2/7.
c© 2008 Elsevier B.V. All rights reserved.
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1. Introduction
Erdo˝s, Graham and Spencer [2] posed the conjecture: if 1 ≤ a1 ≤ a2 ≤ · · · ≤ as are integers with∑s
i=1 1/ai < n− 1/30, then this sum can be decomposed into n parts so that all partial sums are ≤ 1. This is not true
for
∑s
i=1 1/ai = n − 1/30 as shown by a1 = · · · = an−2 = 1, an−1 = 2, an = an+1 = 3, an+2 = · · · = an+5 = 5.
Sandor [3] proved the following weaker assertion.
Theorem A. Let n ≥ 2. If 1 ≤ a1 ≤ a2 ≤ · · · ≤ as are integers with∑si=1 1/ai ≤ n − 1/2, then this sum can be
decomposed into n parts so that all partial sums are ≤ 1.
Recently, Chen [1] proved a stronger result:
Theorem B. Let n ≥ 2. If 1 ≤ a1 ≤ a2 ≤ · · · ≤ as are integers with∑si=1 1/ai ≤ n − 1/3, then this sum can be
decomposed into n parts so that all partial sums are ≤ 1.
In order to prove or disprove Erdo˝s–Graham–Spencer conjecture, it is natural to consider only those sequences
for which each term is more than 1 and no partial sum (of two or more terms) is the inverse of a positive integer;
otherwise, we may replace the partial sum by the inverse of the integer. We call a sequence 1 < a1 ≤ a2 ≤ · · · ≤ as
primitive if no partial sum of
∑s
i=1 1/ai is the inverse of a positive integer. In this paper, we consider finite sets of
positive integers with repetitions. Such a set A is a multiset. Let T (A) =∑a∈A 1/a. Thus a multiset A is primitive if
1 6∈ A and there is no multisubset A1 of A with the cardinality of A1 ≥ 2 and T (A1)−1 being an integer.
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In this paper, the following result is proved:
Theorem. Let n be a positive integer with n ≥ 2. If 1 ≤ a1 ≤ a2 ≤ · · · ≤ as are integers with∑si=1 1/ai ≤ n− 2/7,
then this sum can be decomposed into n parts so that all partial sums are ≤ 1.
The theorem is not trivial even for small n (for example n = 3). For n ≥ 141 we prove the theorem by Chen [1,
Lemma 4]. For 2 ≤ n ≤ 4, we can resolve each case separately by employing Lemma 1 and Theorem B. But for the
remaining 5 ≤ n ≤ 140, we need to introduce some new ideas. The key points are the constructions of B1, B2, . . . , B18
for 11 ≤ n ≤ 22 and Lemma 2 by which we deal with the cases 5 ≤ n ≤ 10.
2. Notations
For a multiset A and a positive real number x , let mA(a) denote the multiplicity of a in A, m(A) denote the
cardinality of A and let
A(x) = {a : a ∈ A, a < x}.
For example: if A = {2, 4, 4, 5, 6, 6, 6}, B = {4, 5, 6}, then mA(1) = 0,mA(2) = 1,mA(3) = 0,mA(4) =
2,mA(5) = 1,mA(6) = 3,m(A) = 7, and
A(5) = {2, 4, 4}, A \ B = {2, 4, 6, 6}.
With these notations, we say that A has an n-quasiunit partition if A can be decomposed into n multisubsets
A1, A2, . . . , An with T (Ai ) ≤ 1 (1 ≤ i ≤ n) and mA1(a) + mA2(a) + · · · + mAn (a) = mA(a) for all integers
a.
3. Proofs
Lemma 1. Let η be a positive real number and n a positive integer. If A is a multiset with T (A) = n − η, then A has
an n-quasiunit partition if and only if A( n−1
η
) has an n-quasiunit partition.
Proof. It is clear that if A has an n-quasiunit partition, then A( n−1
η
) has an n-quasiunit partition. Now we assume that
A( n−1
η
) has an n-quasiunit partition:
A
(
n − 1
η
)
= B1 ∪ B2 ∪ · · · ∪ Bn,
T (Bi ) ≤ 1, i = 1, 2, . . . , n,
n∑
i=1
mBi (a) = mA(a) for all integers a <
n − 1
η
.
We add each a ∈ A\A( n−1
η
) to one of B1, B2, . . . , Bn to keep all T (Bi ) ≤ 1. Suppose we are stuck at b ∈ A\A( n−1η ).
Then
T (Bi ) > 1− 1b (i = 1, 2, . . . , n) and mA(b) >
n∑
i=1
mBi (b).
Thus
1
b
+ n
(
1− 1
b
)
<
1
b
+
n∑
i=1
T (Bi ) ≤ T (A) = n − η.
Hence b < n−1
η
, a contradiction with b 6∈ A( n−1
η
). This completes the proof of Lemma 1. 
Lemma 2. Let k, n be two positive integers with 1 ≤ k < n and δ,  be two real numbers with 0 ≤  < δ. Suppose
that
(i) if M is a multiset with T (M) ≤ n − k − δ, then M has a (n − k)-quasiunit partition;
(ii) B is a primitive multiset such that T (B) ≥ k −  and B has a k-quasiunit partition;
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(iii) A is a primitive multiset with B ⊆ A and T (A) ≤ n − δ and
T
(
A
(
n − k − 1
δ − 
))
+
∑
b∈B
b≥(n−k−1)/(δ−)
1
b
≤ n − δ − .
Then A has an n-quasiunit partition.
Proof. Since
T
(
(A \ B)
(
n − k − 1
δ − 
))
= T
(
A
(
n − k − 1
δ − 
))
+
∑
b∈B
b≥(n−k−1)/(δ−)
1
b
− T (B)
≤ n − δ −  − (k − ) = n − k − δ.
By (i), (A \ B)( n−k−1
δ− ) has a (n − k)-quasiunit partition. On the other hand
T (A \ B) = T (A)− T (B) ≤ n − δ − (k − ) = n − k − (δ − ).
By Lemma 1, A \ B has a (n − k)-quasiunit partition. Therefore A has an n-quasiunit partition. This completes the
proof of Lemma 2. 
Lemma 3. Let n be an integer with n ≥ 141 and A be a primitive set of positive integers with T (A) ≤ n − 2/7. Then
A has an n-quasiunit partition.
Proof. For n ≥ 141 we have
7/2
log(7n/2)
+ 1.2762× 7/2
(log(7n/2))2
+ 2
√
7/2√
n
≤ 7/2
log(7× 141/2) +
1.2762× 7/2
(log(7× 141/2))2 +
2
√
7/2√
141
< 1.
By Chen [1, Lemma 4] we have that A has a n-quasiunit partition. This completes the proof of Lemma 3. 
Lemma 4. Let A be a primitive set of positive integers and let
S(n) = 1
3
+ T
(
A
(
7(n − 1)
2
))
.
If S(22) ≤ 22, then S(n) ≤ n for all 22 ≤ n ≤ 140.
Proof. Since A is primitive, we have 1 6∈ A and mA(a) ≤ p(a)−1, where p(a) is the least prime divisor of a. Hence,
for n ≥ 2 we have
S(n + 1) ≤ S(n)+
∑
7(n−1)/2≤a<7n/2
p(a)− 1
a
. (1)
If S(22) ≤ 22, then by (1) we can verify by computer that S(n) ≤ n for all 22 ≤ n ≤ 140. This completes the proof
of Lemma 4. 
Lemma 5. Let A be a primitive set of positive integers and let
S(n) = 1
3
+ T
(
A
(
7(n − 1)
2
))
.
Then S(n) ≤ n for all 11 ≤ n ≤ 22.
Proof. Let
B1 = {3(2), 6} (3(2) means that mB1(3) = 2, the same meaning for late),
B2 = {4, 12}, B3 = {5(4), 10, 15(2), 20, 30, 60}, B4 = {8, 24, 56},
B5 = {9(2), 18, 36, 63(2), 72}, B6 = {11(10), 22, 33(2), 55(4), 66},
B7 = {13(12), 26, 39(2), 52, 65(4)}, B8 = {7(6), 14, 21(2), 35(4), 42},
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B9 = {16, 48}, B10 = {17(16), 34, 51(2), 68}, B11 = {19(18), 38, 57(2)},
B12 = {23(22), 46, 69(2)}, B13 = {25(4), 50}, B14 = {27(2), 54},
B15 = {28, 70}, B16 = {29(28), 58}, B17 = {31(30), 62}.
Let
B18 = {2, 32, 37(36), 40, 41(40), 43(42), 44, 45(2), 47(46), 49(6),
53(52), 59(58), 61(60), 64, 67(66), 71(70), 73(72)} .
It is clear that
Bi ∩ B j = ∅, i 6= j, i, j = 1, 2, . . . , 18.
We can verify that for any a ≤ 73 we have
18∑
i=1
mBi (a) = p(a)− 1.
Noting that A is a primitive multiset, we have (see the Appendix)
T (A ∩ B1) ≤ 23 , T (A ∩ B2) ≤
1
4
, T (A ∩ B3) ≤ 1315 ,
T (A ∩ B4) ≤ 18 , T (A ∩ B5) ≤
5
21
, T (A ∩ B6) ≤ 3133 ,
T (A ∩ B7) ≤ 6265 , T (A ∩ B8) ≤
31
35
, T (A ∩ B9) ≤ 116 ,
T (A ∩ B10) ≤ 4951 , T (A ∩ B11) ≤
18
19
, T (A ∩ B12) ≤ 6769 ,
T (A ∩ B13) ≤ 425 , T (A ∩ B14) ≤
2
27
, T (A ∩ B15) ≤ 128 ,
T (A ∩ B16) ≤ 2829 , T (A ∩ B17) ≤
30
31
.
For n ≤ 22 we have 7(n − 1)/2 < 74. Since for any a,mA(a) ≤ p(a)− 1, we have
T
(
A
(
7(n − 1)
2
))
≤
18∑
i=1
T
(
(A ∩ Bi )
(
7(n − 1)
2
))
≤ 10.0701+ T
(
(A ∩ B18)
(
7(n − 1)
2
))
≤ 10.0701+ T
(
B18
(
7(n − 1)
2
))
.
Let
tn = T
(
B18
(
7(n − 1)
2
))
, n = 2, 3, . . . , 22.
Then
T
(
A
(
7(n − 1)
2
))
≤ 10.0701+ tn . (2)
By calculation we have
t11 ≤ 0.5313, t12 ≤ 1.5043, t13 ≤ 2.5049,
t14 ≤ 3.5488, t15 ≤ 4.5275, t16 ≤ 4.6500,
t17 ≤ 5.6311, t18 ≤ 6.6142, t19 ≤ 7.5978,
t20 ≤ 7.6134, t21 ≤ 8.5985, t22 ≤ 10.5707.
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Thus by (2) we have
T
(
A
(
7(n − 1)
2
))
≤ n − 1
3
, n = 11, 12, . . . , 22. 
Proof of Theorem. Let A = {a1, a2, . . . , as} with T (A) ≤ n − 2/7. By the remark following Theorem B, we may
assume that A is primitive. By Lemma 1 and Theorem B we need only to prove that T (A( 7(n−1)2 )) ≤ n − 13 . By
Lemmas 3–5 it is enough to prove the inequality for 2 ≤ n ≤ 10.
For n = 2, 3, we obviously have
T
(
A
(
7(2− 1)
2
))
≤ 1
2
+ 2
3
≤ 2− 1
3
,
T
(
A
(
7(3− 1)
2
))
≤ 1
2
+ 2
3
+ 1
4
+ 4
5
+ 1
6
≤ 3− 1
3
.
For n = 4, we have
T
(
A
(
7(4− 1)
2
))
≤ 1
2
+ 2
3
+ 1
4
+ 4
5
+ 6
7
+ 1
8
+ 2
9
+ 1
10
≤ 4− 1
3
,
where we use the relation 13 + 16 = 12 and A being primitive. By Lemma 1 and Theorem B, we know that A has an
n-quasiunit partition when 2 ≤ n ≤ 4.
Now we deal with n = 5, 6, 7, 8, 9, 10. Let D1 = {2, 5, 5, 11}, D2 = {3, 7(3), 13(3)} and D3 = {17(8), 19(10)}.
Then 1− 0.0091 < T (Di ) < 1 (i = 1, 2, 3). Let kn be the least integer k such that
k ≥ n − 2
2/7− 0.0091 .
If there exists an index i ∈ {1, 2, 3} such that Di ⊆ A and
T (A(kn))+
∑
b∈Di ,b≥kn
1
b
≤ n − 2
7
− 0.0091, (3)
then, by Lemma 2, A has an n-quasiunit partition.
Let D′1 = {2, 5(4), 11(10)}, D′2 = {3(2), 7(6), 13(12)} and D′3 = {17(16), 19(18)}. Define λ1 = 12 , λ2 = 47 and
λ3 = 919 . It is easy to find that for each i ∈ {1, 2, 3}, if Di 6⊆ A, then T (D′i \ A) ≥ λi . Hence, for each i ∈ {1, 2, 3}, if
(3) holds, then we may assume that T (D′i \ A) ≥ λi .
Case 1. n = 5, 6. Then k5 = 11, k6 = 15 and
T (A(kn))+
∑
b∈Di ,b≥kn
1
b
≤
kn−1∑
a=2
p(a)− 1
a
+
∑
b∈Di ,b≥kn
1
b
≤ n − 2
7
− 0.0091, i = 1, 2.
That is, (3) holds for i = 1, 2. So we may assume that T (D′i \ A) ≥ λi (i = 1, 2).
T
(
A
(
7(n − 1)
2
))
≤
∑
2≤a<7(n−1)/2
p(a)− 1
a
− T (D′1 \ A)− T (D′2 \ A)− T ({4, 12} \ A)
≤ n − 1
3
.
Case 2. n = 7. Then k7 = 19 and
T (A(19))+
∑
b∈Di ,b≥19
1
b
≤
18∑
a=2
p(a)− 1
a
− T ({3, 6} \ A)− T ({4, 12} \ A)
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≤
18∑
a=2
p(a)− 1
a
− 1
6
− 1
12
< 6.6172 < 7− 2
7
− 0.0091, i = 1, 2.
So we may assume that T (D′i \ A) ≥ λi (i = 1, 2).
T (A(
7(n − 1)
2
)) = T (A(21))
≤
20∑
a=2
p(a)− 1
a
− T ({4, 12} \ A)− T ({9, 18} \ A)− T (D′1 \ A)− T (D′2 \ A)
< 6.6543 < 7− 1
3
.
Case 3. n = 8. Then k8 = 22 and
T (A(22))+
∑
b∈Di ,b≥22
1
b
≤
21∑
a=2
p(a)− 1
a
− T ({3, 6} \ A)− T ({4, 12} \ A)− T ({9, 18} \ A)
≤
21∑
a=2
p(a)− 1
a
− 1
6
− 1
12
− 1
18
< 7.6543 < 8− 2
7
− 0.0091, i = 1, 2, 3.
So we may assume that T (D′i \ A) ≥ λi (i = 1, 2, 3).
T
(
A
(
7(n − 1)
2
))
= T (A(25))
≤
24∑
a=2
p(a)− 1
a
− T (D′1 \ A)− T (D′2 \ A)− T (D′3 \ A)
< 7.4584 < 8− 1
3
.
Case 4. n = 9. Then k9 = 26 and
T (A(26))+
∑
b∈Di ,b≥26
1
b
≤
25∑
a=2
p(a)− 1
a
− T ({3, 6} \ A)− T ({4, 12} \ A)
− T ({5, 5, 10} \ A)− T ({7, 7, 7, 14} \ A)− T ({8, 24} \ A)− T ({9, 18} \ A)
≤
25∑
a=2
p(a)− 1
a
− 1
6
− 1
10
− 1
12
− 1
14
− 1
18
− 1
24
< 8.6448 < 9− 2
7
− 0.0091, i = 1, 2.
So we may assume that T (D′i \ A) ≥ λi (i = 1, 2).
T
(
A
(
7(n − 1)
2
))
= T (A(28)) ≤
27∑
a=2
p(a)− 1
a
− T (D′1 \ A)− T (D′2 \ A)
< 8.2046 < 9− 1
3
.
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Case 5. n = 10. Then k10 = 29 and
T (A(29))+
∑
b∈Di ,b≥29
1
b
≤
28∑
a=2
p(a)− 1
a
< 9.3117 < 10− 2
7
− 0.0091, i = 1, 2, 3.
So we may assume that T (D′i \ A) ≥ λi (i = 1, 2, 3).
T
(
A
(
7(n − 1)
2
))
= T (A(32))
≤
31∑
a=2
p(a)− 1
a
− T (D′1 \ A)− T (D′2 \ A)− T (D′3 \ A)− T ({4, 12} \ A)
< 9.6499 < 10− 1
3
.
This completes the proof of the theorem. 
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Appendix
Noting that A is a primitive multiset. By
1
3
+ 1
6
= 1
2
,
1
4
+ 1
12
= 1
3
,
we have
T (A ∩ B1) ≤ 23 , T (A ∩ B2) ≤
1
4
.
By
2
5
+ 1
10
= 1
2
,
1
5
+ 2
15
= 1
3
,
1
5
+ 1
20
= 1
4
,
1
15
+ 1
30
= 1
10
,
1
15
+ 1
60
= 1
12
,
we have
T (A ∩ B3) ≤ 45 +
1
15
= 13
15
.
By
1
8
+ 1
24
= 1
6
,
1
8
+ 1
56
= 1
7
,
we have
T (A ∩ B4) ≤ 18 .
By
1
9
+ 1
18
= 1
6
,
2
9
+ 1
36
= 1
4
,
1
9
+ 2
63
= 1
7
,
1
9
+ 1
72
= 1
8
,
we have
T (A ∩ B5) ≤ 29 +
1
63
= 5
21
.
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By
5
11
+ 1
22
= 1
2
,
3
11
+ 2
33
= 1
3
,
2
11
+ 1
55
= 1
5
,
1
33
+ 1
66
= 1
22
,
we have
T (A ∩ B6) ≤ 1011 +
1
33
= 31
33
.
By
6
13
+ 1
26
= 1
2
,
4
13
+ 1
39
= 1
3
,
3
13
+ 1
52
= 1
4
,
2
13
+ 3
65
= 1
5
,
we have
T (A ∩ B7) ≤ 1213 +
2
65
= 62
65
.
By
3
7
+ 1
14
= 1
2
,
2
7
+ 1
21
= 1
3
,
1
7
+ 2
35
= 1
5
,
1
7
+ 1
42
= 1
6
,
we have
T (A ∩ B8) ≤ 67 +
1
35
= 31
35
.
By
1
16
+ 1
48
= 1
12
,
we have
T (A ∩ B9) ≤ 116 .
By
8
17
+ 1
34
= 1
2
,
5
17
+ 2
51
= 1
3
,
4
17
+ 1
68
= 1
4
,
we have
T (A ∩ B10) ≤ 1617 +
1
51
= 49
51
.
By
9
19
+ 1
38
= 1
2
,
6
19
+ 1
57
= 1
3
,
we have
T (A ∩ B11) ≤ 1819 .
By
11
23
+ 1
46
= 1
2
,
7
23
+ 2
69
= 1
3
,
we have
T (A ∩ B12) ≤ 2223 +
1
69
= 67
69
.
2958 J.-H. Fang, Y.-G. Chen / Discrete Applied Mathematics 156 (2008) 2950–2958
By
2
25
+ 1
50
= 1
10
,
1
27
+ 1
54
= 1
18
,
1
28
+ 1
70
= 1
20
,
we have
T (A ∩ B13) ≤ 425 , T (A ∩ B14) ≤
2
27
, T (A ∩ B15) ≤ 128 .
By
14
29
+ 1
58
= 1
2
,
15
31
+ 1
62
= 1
2
,
we have
T (A ∩ B16) ≤ 2829 , T (A ∩ B17) ≤
30
31
.
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